IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The semi-infinite Domb model

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1991 J. Phys.: Condens. Matter 3 7403
(http://iopscience.iop.org/0953-8984/3/38/012)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.147
The article was downloaded on 11/05/2010 at 12:34

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/3/38
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys.: Condens. Matter 3 (1991) 7403-7412. Printed in the UK

The semi-infinite Domb model

J A Plascakt and E C Valadaresi

t Departamento de Fisica, Universidade Federal de Minas Gerais CP 702, 30161 Belo
Horizonte MG, Brazil .
1 Department of Physics, University of Nottingham, Nottingham NG7 2RD, UK

Received 25 March 1991, in final form 15 May 1991

Abstract. The semi-infinite Domb modet with volume-dependent bulk exchanpe interactions
J{v) and modified exchange interactions on the free surface J5(v) = (1 + A)(e) is studied
through a variational method based on the Bogoliubov inequality for the free energy. The
phase diagram of global temperature against A is obtained and it is shown that the orders of
some transition lines depend on the value of the pressure. It is also shown that the phase
diagram is qualitatively rather different from that obtained for systems having constant
exchange interactions and first-order bulk behaviour.

1. Introduction

The semi-infinite Ising model on a rigid simple cubic lattice with modified exchange
interaction on the free surface constitutes a simple mode! for the study of surface effects
in magnetic materials (see [1] and references therein). The global phase diagram when
the bulk undergoes a second-order transition is well understood. For a sufficiently high
surface coupling enhancement the system orders on the surface before it orders in the
bulk, whereas for low surface couplings the surface orders when the bulk does. In
addition, all the critical lines are also of second order. However, the phase diagram may
change for systems that undergo a first-order transition within the bulk. A general
treatment within the framework of Landau theory has shown that the model can exhibit
a surface-induced disordering transition where surface quantities present a critical
behaviour although the bulk quantities are discontinuous [2, 3].

On the other hand, compressible magnetic systems have also been the subject of
many theoretical studies (see, e.g., [4, 5]). It has been shown that the critical behaviour
in the bulk is strongly dependent on the space boundary conditions as well as on the
specific type of fluctuations (for a recent discussion of such effects, see, e.g., [6]).
However, the mathematical complications in the calculations for these systems with
realistic position fluctuations are rather involved. Nevertheless, some very simple
models have been proposed in order to treat compressible Ising Hamiltonians such as
the Domb model [7] and the Baker-Essam model [8]. When the effect of pure ion
position fluctuations is considered to an extreme degree in the shearless Baker—Essam
model at constant volume the bulk presents a renormalized second-order behaviour. In
contrast, when the effect of volume Aluctuations are taken into account as in the case of
the Domb model, which includes a volume-dependent exchange parameter, the bulk
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presents second- and first-order types of behaviour depending on the value of the
pressure (see, e.g., [91). In a realistic system, both types of fiuctuations should be
present and therefore the character of the transition will depend on which one of these
predominates.

In the present work we study the semi-infinite compressible Ising model. Of course,
as the elastic effects have a long range, the physical properties of an elastic medium with
a surface will also be quite sensitive to the space boundary conditions. Such effects,
however, are not taken into account in this paper. We treat the semi-infinite Domb
model by assuming that the average lattice spacing on the free surface is the same as that
deep in the bulk. As this simple model displays both first- and second-order behaviour,
the presence of a surface should affect the global phase diagram in different ways,
depending on the order of the bulk transition. Moreover, the first-order bulk behaviour
is accomplished by a volume discontinuity (also involving a discontinuity in the exchange
interactions) implying that the effective mean-field boundary conditions at the surface
also change in a discontinuous way. Such an effect has not been treated in the previous
framework of Landau theory [2, 3].

In order to obtain the thermodynamic properties and the magnetization profiles of
the semi-infinite Domb model we employ the mean-field approximation by means of
a variational method based on the Bogoliubov inequality for the free energy. The
Hamiltonian model, the formalism and the bulk phase diagram in the temperature—
pressure plane are given in section 2. In section 3 global phase diagrams that take into
account the presence of the free surface are discussed and compared with the diagram
obtained for models having constant bulk exchangeinteractions {2, 3]. A briefconclusion
is given in section 4.

2. Model, formalism and bulk phase diagram

2.1. The Hamiltonian model
A general compressible Ising model can be defined by the following Hamiltonian:
H= - (E;J(lri;!)ofaj + 2 @ellry]) (1)
(5] i

where the first sum includes a magnetic term with nearest-neighbour interactions of ions
withspin(o; = =1) and the elastic energy is given by the second sum (the corresponding
kinetic energy term has been suppressed). The elastic energy and the exchange integral
depend on the relative positions of the ions r; = r; — r;. The Domb model is obtained by
expanding the above Hamiltonian about the equilibrium energy and by neglecting the
local position fiuctuations. The model (1) may then be written as (for further details see

16h)

H=H_+H, @)
with the purely elastic term H| given by

Hy = iN%c(v —~ vy)? 3

where V3 is the total number of sites in the semi-infinite simple cubic structure, v is the
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volume of a unit cell, vy is a positive parameter and c is a positive constant related to the
inverse of the compressibility of the lattice. The effective spin Hamiltonian is

Hy = - 2 J ()00 (4)
{i.4)
where, in the infinite Domb model, we have
Jw)=Jy = Ji(v—0g) =Ty (v) (5)

with J, and J, being positive constants. In order to treat the Domb model with a free
surface we have simply to assume that the exchange interactions J;(v) for nearest-
neighbour spins in the bulk are given by equation (5) while for nearest-neighbour spins
on the free surface the exchange interactions take the value

Js(v) = (1 + A)(v). (6)

Here A is the surface coupling enhancement.

2.2. Formalism

In order to obtain the free energy related to H; we use a variational method based on
the Bogoliubov inequality [10]

F(T, v) < Fo(T) + (H = Ho)o = P(1i), 0

where Fy(T) is the free energy corresponding to the trial Hamiltonian H,, the brackets

indicate an average over an ensemble defined by H;, and y, are variational parameters.

An approximate value of the free energy is obtained by minimizing & with respect to v;.
The mean-field approximation is obtained by considering

N3
Hy=- 2 y0. (8)
i=1
Thus, we have
N3
Fo(T) = —kgT 2, In(2 cosh By,)
=1

N3 (9)
{H—Hg)y=— E-Izj(u)mimj + 2y
() i=1
where B = 1/kgT and m; = tanh Sy,. Assuming that the magnetizations in the planes
paralle] to the free surface are homogeneous (i.e. in the ferromagnetic phase where
J(v) > 0) we get

N N
&(y,) = ~NkgT > In(2 cosh By;) + N% 2, yum;
i=1 i=1]
N N )
— IN2J(0)m? — 2IN2I(v) D) m? — NU (o) 2 mmy, (10)
i=2

i=1

where i now labels layers parallel to the surface. Minimization of equation (10) leads to
vy = 4dg(vImy + J(v)m, 7 (11)

w1, = tanh By, (12)
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Figure I. Sketch of the bulk (7, p) phase diagram.
The tricritical point (T, p.) separates regions of
first- and second-order trapsitions: bold full
curves, first-order transitions; full lines, second-
order transitions. _

for, respectively, the variational parameter and the magnetization of the free surface,
and
Y = 4I()m; + Ho)(m-y + mip) (13)
m; = tanh 8y, (14)
where the last two equations hold for i = 2. The Ising free energy F) is then given by
equations (10)-(14) and we have for the total free energy
FT,v)=F(T,v)+ F(T,v) (15)
where F|_is also given by the right-hand side of equation (3).
As the bulk transition always cccurs at definite values of temperature and pressure,

it is more convenient to work with the Gibbs potential, which can be easily obtained by
performing the Legendre transformation,

G(T,p) = F(T,v) + N°pv (16)
where the pressure p is defined as
p=—N"2aKT,v)/sv. (17)
The bulk free energy per spin gg is obtained from (16) via
gs(T, p) = lim G(T, pP)/N? (18)

and the corresponding surface free energy is given by _
&s(T, p) = lim [G(T, p) - Ngy(T, P)I/N?. (19)

Finally, the antiferromagnetic case (i.e. for pressure values so that J(») <0) is
obtained in a quite analogous way. We have to consider two sublattices and two different
variational parameters inside each plane parallel to the surface. If m; is assumed to be
the sublattice magnetization we obtain the same formulae above with |J(v)| substituted
for J(v).

2.3. Bulk phase diagram

The bulk phase diagram in the temperature-pressure plane of the present model (which,
for completeness, is shown in figure 1) has already been studied according to this
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approximation [9]. It is entirely symmetric with respect to py = —Jyc/J,. There are first-
order transition lines where the magnetization and the volume undergo discontinuous
changes: a vertical ferromagnetic—antiferromagnetic transition line and two symmetric
curves of ferromagnetic-paramagnetic (on the right) and antiferromagnetic—para-
magnetic {on the left) transitions. Although these lines are computed numerically, the
second-order lines and the tricritical points can be obtained analytically through a
Landau expansion of the Gibbs free energy giving, respectively,

Tog = +6J, kg * 6J,p/ksc . (20)

T, = 5473 /kgc. | (21)

In equation (20) the upper (lower) sign holds for the ferromagnetic (antiferromagnetic)
phase. It should be mentioned that the minor differences between the equations above
and those of [9] result from the fact that here we are writing the elastic energy and the
exchange interactions in terms of the volume v while there they are given in terms of the
average lattice spacing @ (however, if the volume is expanded about vy, v — vgis, up to
first order, just proportional to the corresponding lattice spacing a — ap).

3. Global phase diagram

As the results for the ferromagnetic and antiferromagnetic phases are analogous, we
shall discuss below only the case J{v) > 0, where the bulk is ferromagnetic, The main
qualitative features are the same when J(v) < 0.

3.1 Thecasep=p,

In this case, the bulk undergoes a second-order phase transition (see figure 1) at T
given by equation (20). For T > T g and close to the surface transition the magnetization
m,; can be calculated by inverting equations (12) and (14) and then expanding for
m;<<$1. We get

my = am, + bm} (22)

m; = Xmy — Xi_ymy i=3 (23)
where

a=1/8J(v) — () (24a)

b =1/3BJ(v) (24b)
and we define

2= (1/B)(v) - 4 (240)

Here X; = X|(z) are polynomials of degree { — 2 in z (with z defined above) obeying the
following recursion relation:
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T -
- 9]
Ten 7
i
3 Figore 2. Global ( T, 4) phase diagram for p = p,.
' All transition lines are second order and they are
; denoted by O, E and §. T,5 and the surface tran-
e e «Sition Jine § are given by equations (20) and (29),
! 0 L A respectively,
T -
= Q £
7"
S
= 4] £
% ,
: Figure 3. Global (T, A) phase diagram for two
; : different values of pressure: p,> p, > p;. The
! ; transitions O and E are first order while S issecond
N R S B j  order. The results were taken for J{/Jyc = 0.1,
-1 o A, A, ’ ‘2 keTV Ty =40, pJiflic=-034 A =032,
JAN ksT3 Mo = 2.0, p,0 [Fye = =017, A, = 0.66.
X,‘=ZX,'_1 _Xt_z i=4 (25)
.Xz =1 X3 =2z (26)

Taking the limit i - o we have
Miw =mp=0,(X;/X; 1 )ire =y

and for temperatures such that z = 2 equation (25) leads to

y=Hz+ (22 - 417} 27
Finally, from equations (22} and (23) we obtain
m? = (1 - ay)/by. (28)
The surface critical temperature T is then given by
1~ay=0 29

with the surface critical exponent 8, = . The global (T, A) phase diagram for a given
value of the pressure p is shown in figure 2 where the reduced temperature T is defined
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Figure 4. Sketch of the global (T, A) phase dia-
gram for models having first-order bulk behaviour
at T2 with constant bulk exchange interactions
according to [3]. The surface transition line § is
also first order. The surface magnetization m, is
continuous at E (4 > A), discontinuous at O,
(A < A < A) and goes continuously to zero at O,
A (A= A)AtA = A, m, = mg.

9]

Y F
e

mi (a) {b)

x——— Figure 5. Generic shapes of the magnetization

; profile related to the phase diagram depicted in
Q = ” 1 figure 4: (2), in the ordered state at the transition
m; c E and O, for A, < A < A; (b}, in the disorderad

- state a1 the transition E; (c), in the ordered state
at the transition O, for A <A <A (d), in the

/ ordered state at the transition Q. In figures (b}
o ! and {d) there is an interface at i=/{ and i=/{,

i o] § i respectively.

by T = kgT/J, At T5 = T.zwe getthe mean-field value A, = 0.25, which isindependent
of the pressure and, from equation (24¢), we have z = 2 meaning that the lines O, E and
S meet in a critical endpoint at the surface. So, as expected, all the known features
concerning the criticality at surfaces with the bulk undergoing a second-order transition
are obtained in this case. Moreover, at p = p,, T,z = T, and we have critical behaviour
at the surface at a tricritical transition in the buik [11].

3.2. Thecase py<p <p,

In this range the bulk shows a first-order behaviour at a temperature T* where the
magnetization and the volume undergo discontinuous changes. This implies that the
exchange interaction and the relative position of the sites on the free surface are also
discontinuous. In this case, however, T* has to be computed numerically for some given
values of the theoretical parameters. The magnetization profile may also be obtained by
investigating the set of equathns (12) and (14) on a computer. The global (T, A) phase
diagram thus obtained is shown in figure 3 for two different values of pressure. For
completeness we also show in figure 4 a sketch of the global phase diagram and, in figure
5, the generic shapes of the magnetization profile obtained according to an equivalent
mean-field-like approximation for models having a first-order bulk behaviour with
constant bulk exchange interactions (for further details see [3]). In order to compare the
present results with those of [3] we discuss below each line of the phase diagram in figure
3 separately.
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el Figure 6. Magnetization profile at the transition
IRt E where the ordered bulk state (@) and the
o Jr disordered bulk state (O} coexist: J1/7yc = 0.1,
o e b R T*Fe=5.0, phflie=-017, A=0.4(A=
! 3 6 I 4 N
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Figure 7. The ordered surface mag-
netization m¥ as a function of A in the
ordered phase at the transition O (T=
o T o | ”'T*), Jf{:.llwgc; 0.1. Upper curve: &7/
mre) -05 els] 05 1 "X =d0 )\ [Tae'= -0.34. Lower curve:
FAN kyT*f1o=5.0,pf [Jyc= -0.17.

Let us first consider the transition line E, which is now first-order. Because of
the discontinuity of J(v), the magnetization m,, as well as the whole profile, is also
discontinuous at E, However, except for the ordered bulk magnetization mg , the profile
jumps from a finite value to another finite value as shown in figure 6. The generic shape
of the profile in the ordered state is the same as that in figure 5(a) while in the disordered
state it goes smoothly to zero as a function of / without a characteristic length scale
separating the ordered surface layer from the disordered bulk as in figure 5(b).

At the transition line O, which is also first order, the surface magnetization (as well
as the bulk one) jumps from m} 5 Oin the ordered state to zero in the disordered one.
The shape of the order parameter profile in the ordered state is the same as those of
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figures 5(a) and 5(c) and we obtain, in this case, the same qualitative features of the
transition designated by Q, in figure 4. However, this model does not exhibit a surface
disordering transition where the surface quantities undergo a critical behaviour while the
bulk quantities are discontinuous. In figure 7 we show the ordered surface magnetization
m} at T= T* as a function of A for two transition temperatures. We note that although
m?} issmall as J;— 0 it never goes to zero. It can be shown that m, = 0 is not a solution
of equations (12) and (14) as long as mg# 0. Thus, the magnetization profiles, such as
that shown in figure 5(d}, cannot be predicted by this model.

Finally, the phase boundary S is determined by magnetization profiles such that gg =
0.For T > T*, we have my = 0 and through an expansion of the surface free energy (19)
we find indeed that gg = 0 only if m; = 0. Thus, unlike the model treated in [3], the
surface transition in this case remains second order with T given by the same equation,
(29). At A=A, Ts=T*, where A > A, is now dependent on pressure (see figure 3).
In this case, however, the lines O, E and S do not meet in a kind of surface critical
endpoint once some unphysical solutions for Ts < 7™ and A < A are obtained from
equation (29}. At A = A, m, = mp and the extrapolation length goes to infinity.

Most of the differences concerning the phase diagram and magnetization profiles for
both the models discussed above, such as the behaviour at the transition lines O and E,
can be ascribed to the fact that in the present model the first-order transition is induced
by the pressure with a discontinuity in the exchange interaction J(v). The parameters in
the Landau free-energy expansion of [3] do not take into account, in principle, such a
dependence. For example, by expanding the total free energy (16) close to the tricritical
point (p < p,) and taking the continuum limit we obtain a free-energy function whose
parameters depend on T and p. Following the usual procedure of minimizing G we
obtain, at the transition O, a cubic equation for (m}}? that has always an ordered
solution m} # 0, as long as my #* 0, for any value of A = ~}, and the surface is indeed
not critical along this line. Thus, the Landau theory procedure in the continuum limit
can also be extended in order to treat more general models such as the present one. On
the other hand, the second-order transition line S can be understood once for 7> T#,
my = Qand fromequations(5)and (17)itcan beshown that the bulk exchange interaction
is independent of A for a given value of the pressure p. Thus, we have in this case just a
simople semi-infinite Ising model, which should exhibit a surface ordering that is critical.
On ihe contrary, for systems having a bulk first-order behaviour, such as the one treated
in [3], it implies that the surface is also described by the same model on a lattice of
dimensiond — 1. Therefore, the mean-field solutions will give a similar behaviour to the
bulk for the criticality at the surface.

4. Concluding remarks

The semi-infinite Domb model with bulk exchange interactions J(v) and modified
exchange interactions on the free surface J5(v) = (1 + A)J(v) has been studied within a
variational approach based on the Bogoliubov inequality for the free energy. Although
this model is rather too simple to give a true picture of a realistic semi-infinite com-
pressible Ising model it can be considered as a starting point for the study of surface
effects in models with a first-order transition in the bulk caused by discontinuities in the
volume interactions and in the exchange interactions. In other respects, as the mean-
field approach can account for the main features of the critical behaviour at the surfaces
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of rigid lattices we expect that this approximation should also satisfactorily describe the
present more general model.

It has been shown that when the bulk undergoes a second-order phase transition,
the global (T, A) phase diagram is completely analogous to that of the rigid model,
which exhibits only second-order transition lines. However, at the first-order bulk
transition, the lines O and E in figure 3 are now first order. The surface magnetization
m, is continuous at § and behaves like the bulk magnetization mjg at O and is discon-
tinuous, but finite, at E. The phase diagram in this case is qualitatively different from
that obtained for systems with a first-order bulk behaviour but having constant bulk
exchange interactions. It is also expected that the global phase diagram of the semi-
infinite Baker-Essam model should be similar to that shown in figure 2 once this model
presents only second-order bulk behaviour.

Because of the simple form assumed for Jg(v), that is, Js(v) is simply proportional to
J(v), the results for the global phase diagram are qualitatively the same for ferromagnetic
or antiferromagnetic bulk ordering. Nevertheless, more general models ¢an also be
studied theoretically within the present context by changing the surface interaction Js.
One can consider, for instance, Jg = (1 + A)J, (which is volume independent), which
allows for a ferromagnetic surface coupling with an antiferromagnetic bulk ordering.

Finally, an infinite pseudospin compressible Ising model Hamiltonian, similar to the
one considered here, has been proposed previously to study the pressure-temperature
phase diagram of the hydrogen-bonded ferroelectric crystal CsD,PO, [12]. In these
crystals, an antiferromagnetic phase appears to be induced by the pressure [13, 14].
Thus, experimental results for the critical surface behaviour in such crystals or similar
magnetic materials would be highly valuable.
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